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Abstract Amathematical model of an archery twin-
cam compound bow is introduced. The deflection of
the limb tip is based on the modified Hickman model
of the traditional bow. The cams are modelled with the
help of cubic splines, and the derived non-linear
equations are simplified and solved numerically. The
force-draw curve of a commercial twin-cam com-
pound bow is measured and compared to the predic-
tion of the model. As an example, the cams of the
compound bow are virtually modified in order to
improve the effectiveness of the bow. The model
presented here can be used when adjusting the twin-
cam compound bow and also when designing the
cams.
Keywords Compound bow  Force-draw curve 
Cam design
1 Introduction
The archery compound bow is a bow with pulleys at
the tips of the bow limbs, which offer mechanical
advantage to the archer. When drawing a typical
compound bow, the required force increases to the
maximum more or less rapidly, but then decreases to
the local minimum value in the full draw [1]. This non-
linear behaviour can be controlled by careful design of
the shape and size of the pulleys (or cams).
In the earlier studies concerning compound bow
models, the pulleys at the tips of the limbs are
either similar systems both consisting of two round
eccentrics [2], similar systems both consisting of one
round wheel and one non-round cam [3], or there is
one round wheel at the other tip of the limb and the
system of three non-round cams at the other [4, 5]. In
the models including non-round cams, the cams are
approximated as components with mixed properties
of a circle and a changing lever at the same time, in
order to simplify the admittedly complex system
of the compound bow. However, in the viewpoint of
cam design, a more detailed treatment of cams is
needed.
This paper provides a more accurate solution to the
problem of modelling the compound bow with non-
round cams. The considerations are restricted to the
bow with similar two-cam systems at the tips of the
limbs. We may call this bow type as a twin-cam
compound bow.
2 Mathematical model
Let us consider a compound bow with similar cam
systems at the tips of the limbs. Let us assume that the
bow is symmetric with some vertical line, which is
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also the line in which the arrow moves when the bow
string is drawn or released from the center of the
string; the reader is noted that this is not always the
case for real twin-cam bows. We further assume that
the bow is in a horizontal position so that the grip and
riser are above the cables and the string, and the line
between the axle points of the cams is horizontal, as in
Fig. 1.
The cam system at the tip of the limb consists of
two cams, which are firmly attached to each other,
and the system can rotate only around the axle, from
which the system is connected to the tip of the limb.
The string is wrapped around the string cams of both
the left-hand and the right-hand limb. From one end,
the upper cable is twisted around the cable cam of the
left-hand limb, and the other end of this cable is
connected to the axle of the right-hand cam system,
as presented in Fig. 1. The lower cable is similar with
respect to the right-hand cam system. In real bows
there is also a cable guard, which shifts both cables
slightly aside to clear the way for the arrow.
However, for the sake of simplicity and symmetry
we shall ignore the cable guard and assume that the
cables are straight and on the same plane with the
string. We shall also suppose that the cables and the
string are inextensible, and that they do not slide with
respect to the cam systems.
Let us also further assume that the Hickman [6]
model with the modification as presented in [2] can be
used to approximate the bending of the limbs, when
the limb is assumed to be a rigid rod which bends only
on one hinge point, which locates somewhere between
the tip and the bottom of the undeflected straight limb.
Due to symmetry, we may restrict our considerations
to the left-hand limb and cam system of Fig. 1. The
symbols used are:
a the angular coordinate of the cable cam; the
angle between the ray from the axle point to the
edge point of the cable cam and the polar axis
(positive horizontal x-axis with the axle point as
origin) measured counter-clockwise direction in
the initial position of the bow
b the angular coordinate of the string cam; the
angle between the ray from the axle point to the
edge point of the string cam and the polar axis
(positive horizontal x-axis with the axle point as
origin) measured counter-clockwise direction in
the initial position of the bow
c the angle between the line of the cable and the
horizontal line
d the angle between the horizontal line and the line
that connects the axle point to the point where the
straight cable touches the cam
e the angle between the horizontal line and the line
that connects the axle point to the point where the
string touches the cam (always [ 180)
f the angle of the half-string with respect to the
horizontal line
h the angle between the horizontal line and the line
that connects the axle point and the supposed
hinge point of the limb
hU the angle between the undeflected bow limb and
the horizontal line
u the rotation angle of the cam system measured
from the initial position to the counter-clockwise
direction
A the ratio between the the length of the supposed
elastic portion of the limb with respect to the
total limb length
a the torque constant of the supposed elastic
portion of the limb
c the length of the straight cable
D the draw; the distance from the midpoint of the
string to the horizontal line that connects the
bottoms of the limbs
dc the lever arm of the cable tension
ds the lever arm of the string tension
e the distance between the axle points of the left-
hand and the right-hand cam systems
F the absolute value of the force acting on the
arrow
Fc the absolute value of the cable tension
Fs the absolute value of the string tension
Fig. 1 The schematic picture of the twin-cam compound bow in
the initial position
422 Meccanica (2017) 52:421–429
123
g the distance between the bottoms of the limbs;
the length of the riser
k the spring constant of the elastic portion of the
limb
L the length of the limb (from the bottom to the
axle point)
l the vertical distance of the midpoint of the string
from the line between the points where the string
touches the cams of the both limbs
mc the Cartesian slope of the tangent line to the
cable cam curve at the point with polar
coordinates (a, rc) in the initial position
ms the Cartesian slope of the tangent line to the
string cam curve at the point with polar
coordinates (b, rs) in the initial position
nc the Cartesian slope of the tangent line to the
cable cam curve at the point with polar
coordinates (a, rc) after rotation angle u counter-
clockwise
ns the Cartesian slope of the tangent line to the
string cam curve at the point with polar
coordinates (b, rs) after rotation angle u counter-
clockwise
rc the radius of the cable cam; the radial distance
from the axle point to the edge point of the cable
cam
rs the radius of the string cam; the radial distance
from the axle point to the edge point of the string
cam
s the length of the straight half-string
V the energy stored to the limbs.
Moreover, a dot is used when referring to the
derivative of the cable or string cam radius function
with respect to its variable, and the subscript ‘‘0’’ is
used when referring to the value of the respective
variable in the initial position.
Let us choose a conventional Cartesian coordinate
system and the axle point of the left-hand cam system
of Fig. 1 as its origin. For the polar coordinates (a,
rcðaÞ) and (b, rsðbÞ), let us also choose a polar
coordinate system with the same axle point as its pole
and the positive x-axis of the Cartesian system as its
polar axis in the initial position. However, we shall fix
the polar coordinates to the cam system, so if the cam
system rotates with respect to the initial position the
polar coordinate system rotates with it. We assume the
initial values e0, L, A, k, g, hU are given. If rc ¼ rcðaÞ
and rs ¼ rsðbÞ are differentiable and known in polar
coordinates, the slopes to the tangent lines of these
cam curves in our Cartesian system can be expressed
[7] as
mcðaÞ ¼
rcðaÞ þ r0cðaÞ tan a
r0cðaÞ  rcðaÞ tan a
ð1Þ
msðbÞ ¼
rsðbÞ þ r0sðbÞ tan b
r0sðbÞ  rsðbÞ tan b
ð2Þ
Using the tangent angle addition formula, it is easy to
derive the equations for the slopes of the tangent lines
in our Cartesian system after the cam system has









The following equivalences can be seen from Figs.
2, 3, 4, 5 and 7,
Fig. 3 The cable cams of the compound bow in the drawn
position with some related variables. The right-hand cam
(dashed curve) is fastened on the other limb than the left-hand
cam. Compared to Fig. 2, the left-hand cam has rotated counter-
clockwise the angle u from its initial position
Fig. 2 The cable cams of the compound bow in the initial
position with some related variables. The right-hand cam
(dashed curve) is fastened on the other limb than the left-hand
cam. The polar coordinate system has not rotated, so d0 ¼ a0
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ncða;uÞ ¼ tanðcÞ ð5Þ
nsðb;uÞÞ ¼ tanðfÞ ð6Þ
a0  a ¼ d0 þ u d ð7Þ
b0  b ¼ e0 þ u e ð8Þ
In the initial position (Figs. 2, 4 and 6) the polar axis of
the polar coordinate system coincides with the Carte-
sian x-axis, hence a0 ¼ d0 and b0 ¼ e0. Then Eqs. (7)
and (8) simplifies as
a ¼ d u ð9Þ
b ¼ e u ð10Þ
From Figs. 3 and 7 we notice that the equations for the
cable and the half-string lines are
rcðaÞ sin d ¼ ncða;uÞðrcðaÞ cos d eÞ ð11Þ





Further, the following relations can also be seen from





s2 ¼ l2 þ e
2
 rsðbÞ cos e
 2
ð14Þ
In the initial position the rotation angle u ¼ 0, then
ncða0; 0Þ ¼ mcða0Þ and nsðb0; 0Þ ¼ msðb0Þ ¼ 0.
Remembering that a0 ¼ d0 and b0 ¼ e0, Eqs. (11)
and (2) gives in the initial position
Fig. 4 The string cams of the compound bow in the initial
position with some related variables. The right-hand cam
(dashed curve) is fastened on the other limb than the left-hand
cam. The polar coordinate system has not rotated, so e0 ¼ b0
Fig. 5 The string cams of the compound bow in the drawn
position with some related variables. The right-hand cam
(dashed curve) is fastened on the other limb than the left-hand
cam. Compared to Fig. 4, the left-hand cam has rotated counter-
clockwise the angle u from its initial position
Fig. 6 The left half of the compound bow in the initial position.
For clarity, the cable cam and the cables are left out
Fig. 7 The left half of the compound bow in the drawn position.
For clarity, the cable cam and the cables are left out
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rcða0Þ sin a0  mcða0Þðrcða0Þ cos a0  e0Þ ¼ 0 ð15Þ
rsðb0Þ þ r0sðb0Þ tan b0 ¼ 0 ð16Þ
from which a0 and b0 can be obtained. There is no
analytical solution for these equations, so for iteration
the Brent–Dekker (BD) method [8] was chosen. From
Eqs. (13) and (14) we get, by using Eqs. (3), (5) and








 rsðb0Þ cos b0 ð18Þ
from which the initial values c0 and s0 can now be
solved. The length of the straight cable and the length
of the straight half-string are




r2c ðaÞ þ r0cðaÞ
 2q
da ð19Þ




r2s ðbÞ þ r0sðbÞ
 2q
db ð20Þ
so c can now be calculated immediately. By using
Eqs. (3), (13) and (9) we may write Eq. (5) as
tanuþ mc
1 mc tanu






from which u can be obtained with every value of a
using BD method for example. After this is done, the
unknowns d, c, nc and e can be calculated from Eqs.
(9), (13), (3) and (11), respectively. From Eq. (14) we















s  rs tan bÞ þ rs þ r0s tan b






from which b can be obtained using BD method for
example. After this, the unknowns ms, ns, f, e, l and s
can be calculated from Eqs. (2), (4), (6), (10), (12) and
(20). From Figs. 6 and 7 we further see that





 ð1 AÞL cos hU
¼ AL cos hþ e0  e
2
ð23Þ
so the angle h and its initial value h0 can be solved. The
draw, as defined in this paper, is according to Fig. 7,
D ¼ ð1 AÞL sin hU þ AL sin h rsðbÞ sin eþ s sin f
ð24Þ
and can now be calculated straightforwardly, likewise
the distances of the axle from the cable line and from
the half-string line, which are, according to Figs. 3 and
7,
dc ¼ rcðaÞ sinðcþ dÞ ð25Þ
ds ¼ rsðbÞ sinðf eÞ ð26Þ
The rest equations needed for completing the model
can be concluded from paper [2],
Fs ¼
aðh hUÞ
AL½sinðhþ fÞ þ 2ds
dc





F ¼ 2dckðh hUÞ sin f
dc sinðhþ fÞ þ 2ds sin h cos c
ð29Þ
where k ¼ a
AL
is the spring constant of the elastic
portion of the bow limb (N/rad).
3 Results of model testing
The model was first tested by using the parameters of
the round-wheel compound bow measured in [2]. The
string and the cable cam radius were gained by cubic
spline interpolation of the polar transformations of the
known eccentrics of paper [2]. The first and the second
derivatives of the cubic spline are also continuous,
which is an important minimum requirement for the
displacement diagrams of the high-speed cam systems
[9].
Using the parameter values of Table 1 in [2] the
values of a0 and b0 were first obtained from Eqs. (15)
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and (16). The domain for the prime variable a was
chosen to be a0  260  a a0, and 2000 evenly
distributed values of awere selected from that domain.
After this, the procedure described in Sect. 2 was
executed separately with every value of a, resulting
also the respective values of D and F.
In order to compare the force values with the same
value of draw, the cubic spline function was fitted to
the calculated (D, F) -values. Then, using the same
parameter values and the same draw domain, the
force-draw (FD) curve was calculated with the model
of [2], using also 2000 evenly distributed knot points
for the prime variable. The force differences between
this model and the model presented in [2] with the
same draw values were \3  103 N.
Another test was made by measuring the FD curve
of the twin-cam compound bow ‘‘Smoke’’ by Hoyt
Archery. The parameters of the bow are presented in
Table 1.
The values e0, g and hU were measured as in [2].
The limbs of the bow in question are slightly recurved,
hence A and L were estimated together from the
measured limb tip data using Levenberg–Marquardt
algorithm [10] for curve fitting as described in [2].
The FD curve of the compound bow was measured
with the arrangements explained in [2]. The value of
the constant k was set only after the measurements of
the FD curve and the string and cable cams. The
constant k was chosen so that the model fits to the
measurements as well as possible in the sense of least
squares.
In order to find the cable and the string cam radius
functions rcðaÞ and rsðbÞ, the cams were pho-
tographed, and the radius of the string and the cable
camwith different cam angles were measured from the
enlarged photo. The grooves for the cable and the
string were also taken into account as in [2]. The cable
and the string cam radius functions were then gained
by cubic spline interpolation of the angle-radius data
of the cams. It turned out that the data needed
additional processing. We shall discuss about this later
on. The shapes of the cams, which can be also
concluded from the before mentioned cam radius
functions using Cartesian conversion, are presented in
Fig. 8.
The cams in Fig. 8 are in the same initial position as
the left-hand cams in Figs. 1, 2, 4 and the cam in Fig.
6. Using the cable and the string cam radius functions
and the bow parameters of Table 1, the FD curve of
the model was calculated as before using 2000 knot
points for the prime variable a in the domain of
a0  235  a a0, where a0 was first obtained from
Eq. (15). The calculated FD curve of the model and
the measured FD data are presented in Fig. 9.
Fig. 8 The string and the cable cam in the initial position. The
diameter of the axle is 4.75 mm
Fig. 9 The calculated force-draw curve and the measurement
data of the compound bow ‘‘Smoke’’
Table 1 The initial parameters of the compound bow
‘‘Smoke’’ used in measurements
Parameter e0 g hU L A k
Value 102.0 42.0 23 39.2 0.601 1135
Unit cm cm  cm  N/rad
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We notice from Fig. 9 that the model match on the
FD data is good. We also see that while drawing the
bow, the force values are systematically bigger when
compared to the values of relaxing the bow. Evidently
this is caused by the friction of the wheels and the
hysteresis of the limbs, string and cables. In the full
draw the calculated curve is a bit aside the measured
FD data. The reason for this is probable the elongation
of the string and the cables, and the small measure-
ment errors of the cams.
The area between the FD curve of the compound






We may also write the potential energy stored to the
limbs as in [2],
VðhÞ ¼ ALkðh2  h20 þ 2h0hU  2hhUÞ ð31Þ
which can be used for checking the computations.
With the parameter values presented in Table 1 the
cubic spline function which was fitted to the (D, F)-
values of the model was integrated numerically. Using
the draw from the initial position to the draw of
D ¼ 0:764 m and 2000 knot points, the differences
between the calculations based on Eqs. (30) and (31)
were \0:1 %.
4 Other results
With the model introduced, an individual twin-cam
compound bow can now be virtually adjusted by the
user. After the parameters of Table 1 and the
parameters concerning the cams are measured, it is
possible virtually for example to rotate the cams or
change the initial limb angle and check the effects on
the FD curve and on the string or cable forces. On the
following we shall consider the interesting possibility
of cam design.
Let us take the rather ‘‘aggressive’’ cam measured
before as our starting point and try to modify it such a
way that the FD curve is even more energetic, with the
following restrictions:
1. The original full draw may not change
significantly,
2. The maximum force of the FD curve may not
change significantly.
The shape of the FD curve which satisfies these
restrictions and can not be made more energetic is a
perfect rectangle. In this sense our example bow is not
quite optimal, for according to Fig. 9 there seems to
be some room in both the rising and the descending
part of the curve.
When manipulating the cam data by trial and error
it was found that even one slightly divergent data point
in the cam data may cause serious computational
problems. This is due to the fact that both the cable and
the string cam must be convex everywhere, otherwise
the contact point of the cable (or string) and the cam
will ‘‘jump’’ on the cams in impractical way. The
respective condition equations for the cable and string
cam radius functions are
m0cðaÞ[ 0 ð32Þ
m0sðbÞ[ 0 ð33Þ
which after differentiating Eqs. (1) and (2) and
simplifying can be expressed as
r2c þ 2ðr0cÞ
2  rcr00c [ 0 ð34Þ
r2s þ 2ðr0sÞ
2  rsr00s [ 0 ð35Þ
It was not a simple task to fulfil these condition
equations everywhere on the domain of the cam radius
functions. This was also the reason why the original
cable and string cam angle-radius data measured in
Sect. 3 had to be smoothened by measuring and
inserting some additional data points and leaving out
some troublesome data points.
Finally, by trial and error the more ‘‘aggressive’’
cable and string cam radius functions which satisfy the
restrictions 1 and 2 and also Eqs. (34) and (35) were
found. The respective modified cable and string cams
are presented in Fig. 10, where the cams are again in
the initial position as in Fig. 8.
The calculated FD curves with both the original and
the modified cams are presented in Fig. 11. The bow
parameters of Table 1 were used in the calculations of
both curves. From Fig. 11 we notice that the FD curve
with the modified cams is more energetic mainly for
the more pronounced front part. Note also that with the
modified cams, the initial draw is reduced. The
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calculated energy from the initial to the draw
D ¼ 0:764 m is 96.5 J for the bow with original cams
and 106.5 J for the bow with modified cams, so the
increment of energy is 10 %. Moreover, this was only
one example of modifying the cams while seeking the
maximum energy of the bow with the restrictions 1
and 2 mentioned before. Yet, with real cams it must
always be checked whether the minimum radius of the
cable and the string cams are sufficient in the
viewpoint of material strength, for the axle has
dimensions as well.
5 Conclusion
A mathematical model of an archery compound bow
with non-round cams is introduced. The shapes of the
string and the cable cams were modelled with the help
of cubic splines. The non-linear equations of the
model were simplified and solved numerically. The
consistency and the validity of the model were
checked in several ways, and the model was found
to be accurate.
The path of the limb tip can be approximated with
the modified Hickman model also in case when the
limbs are slightly recurved. However, if the profile of
the undeflected limb differs from straight rod, it is
reasonable to estimate parameter L (the value of
‘‘straight’’ limb length) together with constant A by
curve fitting.
It turned out that the model is particularly sensitive
to the cam radius functions rc and rs. When modelling
the cams, it must be checked that Eqs. (34) and (35)
are valid everywhere on the domain of the cam radius
functions.
With the help of the model, the cams of an
individual bow can be virtually modified for example
to get the FD curve of the bow more effective.
Depending on the desired shape of the FD curve this
may be a hard job in practice.
The model presented here offers interesting possi-
bilities when adjusting the twin-cam compound bow
and when designing the cams. The reader is still
reminded that the model is static only.
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